This work shows that a strongly correlated phase which is gapped to collective spin excitations but gapless to charge fluctuations emerges as a universal feature in one-dimensional fermionic systems obeying certain symmetries. Namely, nanowires interacting via Coulomb repulsion which are symmetric under time-reversal and spatial inversion symmetry exhibit spin gaps whenever one pair of spin-degenerate subbands is occupied and an arbitrarily weak spin-orbit interaction is present. This general result is independent of the details of the one-dimensional confinement, the fermionic spin or nature of the spin-orbit interaction. In narrow-gap semiconductors, this gap may be of order 10 µeV. This strongly correlated phase may be identified both via an anomalous h/2e flux periodicity in Aharonov-Bohm oscillations and 2e periodic Coulomb blockade, features which reflect the existence of fermionic pairing despite the absence of superconductivity and the repulsive nature of the interaction.
Interacting fermions confined to one dimension (1D) are paradigmatic examples of strongly correlated systems, displaying properties such as interaction-dependent critical exponents and spin-charge separation. The celebrated Luttinger liquid, which first appeared in models without backscattering, possesses a gapless spectrum of bosonic excitations [1] [2] [3] . For spinful systems with backscattering, however, the ground state was shown by Luther and Emery to depend on the nature of the interaction [4] . When spin rotational symmetry is present, Luttinger liquid properties are maintained for repulsive interactions, while for attractive interactions, a new correlated state arises which is gapped to spin excitations but gapless to excitations of the total charge. Whereas Luttinger liquid properties are extremely challenging to identify in experiment, the predicted experimental signatures of the Luther-Emery phase are striking. The spin gap manifests as a vanishing of the single particle density of states at low energies [5] , a flux periodicity of 2e indicative of fermionic pairing [6] , and vanishing backscattering from impurities at the Fermi level [7] . These characteristics, which bear remarkable similarities with the superconducting state appear nevertheless in the absence of superconducting order.
A number of previous studies have demonstrated that the spin-gapped phase may be realized in the absence of an attractive interaction in certain multiband systems [8] [9] [10] [11] [12] [13] as well as Dirac semimental nanowires with an external magnetic field [14] . At the same time, previous studies on interacting nanowires with Rashba spin-orbit coupling (describing the common scenario in semiconductor nanowires) have exclusively focused on the case where either time-reversal or inversion symmetry are broken [15] [16] [17] [18] . If two subbands are occupied, spin-charge separation is destroyed in these systems and the LutherEmery state cannot be realized.
In this work, we will consider 1D systems where inversion symmetry and time-reversal symmetry are both maintained, and the lowest pair of bands remain degen- erate, in contrast to the previous studies mentioned. A Renormalization Group (RG) and bosonization analysis reveals that an arbitrarily weak spin-orbit interaction is sufficient to open a spin gap, regardless of the geometry of the wire or screening surfaces, the total spin of the system, or the nature of the spin-orbit interaction as long as these two symmetries are preserved and only one pair of degenerate bands is occupied. The spin gap is a manifestation of the interplay between the winding of the spin polarization (or spin texture) of single particle states in the cross section of the wire and the Coulomb interaction, and exists in the presence of screening by symmetric conducting surfaces of arbitrary geometry. This result implies that the ground state of any clean semiconductor nanowire possessing intrinsic spin-orbit coupling exhibits a spin gap at low densities, as long as the engineering of the system does not introduce inversion asymmetry.
General symmetry analysis. Consider a system of fermions confined to 1D which we may generally describe by a long-wavelength effective Hamiltonian H = H 0 (r, p, S) + H int where the interaction term is
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where S are the spin operators, the fermionic creation operators ψ † (r) are 2|S| + 1-component spinors, and U (r , r) is the Coulomb interaction which is screened by conducting surfaces external to the wire. Our analysis encompasses both n-type (|S| = 1 2 ) and p-type (|S| = 3 2 ) semiconductor quantum wires. In the absence of external magnetic fields, we may assume that H 0 is symmetric under time reversal (T ). We shall study the case where the Hamiltonian has an additional symmetry under combined spatial and spin rotation by an angle π about the wire axis as well as inversion along the axis of the wire z → −z (and thus the Hamiltonian is also symmetric under inversion P of three spatial coordinates). We may then classify degenerate time-reversed pairs of single-particle states |k, ↑ , | − k, ↓ via their eigenvalues e ± iπ 2 under the combined spin and spatial π-rotation. Switching to 2D coordinates r = (x, y) we may express the single particle wavefunctions in a basis of spin states |s with polarization along the wire axis,
and the functions f ks satisfy
The phases in (2) are chosen so that |k, ↓ = (−1)
In the following analysis the interaction term in the Hamiltonian is required to satisfy both translational invariance along the wire axis and π-rotational symmetry in the cross section. Since the Coulomb interaction is spatially isotropic these symmetries can only be violated by the geometry of screening planes near the wire. This analysis incorporates several physical scenarios, some of which are illustrated in Fig. 1 : (left) two conducting planes placed symmetrically around the wire and (right) a single conductor enclosing the wire. We may also consider the situation where the system is screened only by a remote conducting surface at distance L larger than both the dimensions of the cross section and the Fermi wavelength 2π/k F (not shown). In all cases the conducting surfaces are required to be homogeneous along the wire direction. For a remote screening plane parallel to the wire, the Coulomb interaction consists simply of the unscreened interaction ∝ 1/|r − r | in addition to the potential due to an image charge at distance 2L from the wire and is axially isotropic. In the remaining cases the Coulomb interaction may be expanded in a basis of solutions ϕ n,q (r) = ϕ n (x, y)e iqz of the Helmholtz equation which vanish on the screening surfaces, and the interaction is given by where κ 2 n +q 2 are the eigenvalues of the Laplace operator. The first Born amplitudes f |V |i for scattering between initial and final two particle states |i = |µ 1 α 1 ⊗ |µ 2 α 2 , |f = |µ 3 α 3 ⊗ |µ 4 α 4 may be related to the harmonics ϕ n and the spin overlaps of the wavefunctions χ µα via
and the inner products are given in terms of the spin components (2) via
and are symmetric under the exchange of ↑ and ↓ states. The low-energy physics of the interacting system is determined by interaction processes involving electrons close to the Fermi level. We will analyze the situation when only the lowest degenerate pair of bands is occupied, so the only interactions which may become relevant in the infrared limit involve right-and left-moving particles in the ↑, ↓ spin bands. We introduce a fieldtheoretical description of the model via two conjugate pairs of bosonic fields θ i , φ i [19] associated with longwavelength fluctuations of the total and relative band densities ψ † ↑ ψ ↑ ±ψ † ↓ ψ ↓ which we refer to as charge and spin densities respectively. The spin modes are described by a Sine-Gordon theory while the charge modes are massless and the Hamiltonian density is given by
The spin and charge sectors are decoupled as a result of the combined time reversal and inversion symmetry. While H ρ is harmonic, H σ contains competing interactions cos √ 2φ σ , cos √ 2θ σ , which one might expect to generate several possible interacting phases depending on the values of the parameters K σ , g, g . However, the symmetries of the three-dimensional spin texture associated with the spinor wavefunctions χ µα (r) in combination with the repulsive nature of the Coulomb interaction will enforce strict relations between the values of these parameters, resulting in universal low-energy properties. This situation persists in the presence of screening by symmetrically arranged conductors (Fig. 1) . Excitations of φ σ will always be gapped and the ground state contains a nonvanishing expectation value cos √ 2φ σ = 0. The proof of this theorem proceeds straightforwardly from the relations between dimensionless interaction parameters of the bosonic theory and the first-order fermionic scattering amplitudes. The parameter K σ is given by
and (6) implies Γ σ < 0. The interaction proportional to g arises from scattering processes of the form ψ † ↑ ψ † ↑ ψ ↓ ψ ↓ + h.c. and is given by
while the interaction g arises from the sum of interfering forward and backward scattering processes g =
and the inequality follows from the fact that χ † L↓ (r)χ L↑ (r) = −χ † R↓ (r)χ R↑ (r) is odd under both inversions of the spatial coordinate r → −r and longitudinal momentum, L ↔ R (6), a result of the winding spin texture in the cross section of the wire. The scaling relations for the couplings to second order are given by , the gap diverges in the limit of small wire radius. The curves terminate at values of the wire radius for which l * < 1 for all values of the chemical potential below the second pair of degenerate subbands. These results are independent of material parameters.
with l = ln(Λ/µ) where Λ ≈ E F is the UV cutoff and µ is an energy scale which runs toward the infrared limit. If either the interactions g, g are initially zero, they remain zero under the RG flow. This situation occurs, for example, when the nanowire possesses an additional rotational symmetry whose selection rules forbid interactions of the form ψ † ↑ ψ † ↑ ψ ↓ ψ ↓ and therefore g = 0. In this case the RG equations may be integrated easily, and the system is gapped when the bare couplings satisfy |g| > |Γ σ |, a condition which is always fulfilled due to the sign of the matrix element (10) . Solution of (11) then shows that the system flows to strong coupling at an energy scale l = l * , which indicates the presence of a spin gap given by
where Γ σ , g represent the bare value of the couplings. For the case when g 0 = 0, the RG equations exhibit a duality relation gg = const. = g 0 g 0 , so that the flow to strong coupling of one of either couplings implies the vanishing of the other. The RG flows of the couplings g = |g|/ |g 0 g 0 |, Γ = Γ σ / |g 0 g 0 | are plotted in Fig. 2 . The phase diagram consists of four re-gions separated by the dashed lines, with a fixed point at ( g, Γ) = (1, 0). Comparison of Eqs. (9, 10) implies that |g | < |g − Γ σ | → | Γ| < g − 1/ g , thus the couplings ( g, Γ) initially lie above the lower separatrix (dashed line in Fig. 2) , and flow in the portion of the phase diagram indicated by the blue lines towards strong coupling, Γ σ → +∞, |g| → +∞, g → 0. We therefore find that the spin sector is gapped for both g = 0 and g = 0 and the ground state develops a nonvanishing expectation value cos √ 2φ σ . While this gap may occur generally in models with appropriately tuned values of the couplings, in our situation the gap is protected by the symmetry of the wavefunctions (6) which involves both spin and orbital degrees of freedom. The gap ultimately arises from the negative sign of the matrix element (10) which provides an effective attraction despite the underlying Coulomb interaction being repulsive.
Nanowires with Rashba interaction. The most promising experimental candidates for observation of the spin gap are free standing hexagonal nanowires in nanowires in narrow gap superconductors (InAs or InSb), which are intrinsically strongly spin-orbit coupled. We may approximate the wavefunction with those in a circular cross section with radius R, with the charge density strongly peaked at the surface of the nanowire due to surface accumulation. For an n-type nanowire, the Rashba spin-orbit interaction is H SOC ∝ ∇V (x, y) × p · σ, and the noninteracting single particle dispersion of the lowest pair of degenerate bands is given by
where ζ(k) = 2kR and b parametrizes the spin-orbit coupling. Due to rotational symmetry, g = 0. The gap (12) depends on ζ = ζ(k F ), b as well as the strength of the interaction, which we may parametrize via the effective Bohr radius a 0 = r /me 2 and Rydberg energy E R = me 4 /2 2 r . The perturbative expression (12) is quantitatively accurate for ∆ Λ ≈ E F , and for l * = 1 we may crudely estimate that the gap reaches a maximum value ∆ = E F /e. Fig. 3 shows the value of the gap when E F is tuned so that l * = 1 at fixed radius R/a 0 and lies below the edge of the upper 1D subbands. The gap is maximum for values b =
at fixed R, and diverges in the limit of small wire radius. In InAs, the parameters a 0 = 35 nm, E R = 1.4meV and in InSb, a 0 = 63 nm, E R = 0.68meV, thus the typical nanowire radius R ≈ 50 nm is comparable to a 0 . We then obtain maximum gaps ∆ ≈ E F /e = 15µeV and 19µeV for values b = the system, this process is forbidden when the bias is below the gap. To lowest order, transport through the loop occurs through co-tunnelling of pairs of electrons with opposite spin, which is permitted due to the absence of a charge gap. Thus, when a flux is threaded through the loop, the zero-bias conductance will exhibit AharonovBohm oscillations with period h/2e characteristic of a superconductor rather than h/e as would occur in a normal metal or Luttinger liquid. This behaviour is also reminiscent of the anomalous flux periodicity for Luther-Emery systems which was demonstrated via finite-size bosonization in a previous study [6] . For identical reasons, if the density in the loop is tuned by gates and the loop sufficiently small to exhibit Coulomb blockade, charge sensing measurements will exhibit even-odd behaviour characteristic of superconductors, with the Coulomb energy being
2 for even N and E C 2 (N −N g ) 2 +∆ for odd N . Since the charging energy measured in existing nanowire systems is generally in the range E C ∼ 10 − 100 µeV, observation of a spin gap ∼ 10 µeV is well within experimental capability. It should be noted that the gates must be placed symmetrically around the nanowire system in order to maintain the spatial symmetry of the screened two-electron interaction. The geometry also ensures the absence of any possible low-energy edge states which might permit single electron tunnelling.
The phenomenology of the system under consideration coincides with 1D systems with attractive interactions (e.g. the U < 0 Hubbard model), and originates from electronic pairing despite the fact that the underlying interactions are repulsive. This behaviour arises instead from the spin texture in the cross-section of the wire which gives rise to phenomena otherwise expected in 1D systems with an attractive interaction. We may contrast the present results with previous studies of interactions in spin-orbit coupled systems in which inversion symmetry is lifted and such features are absent [15] [16] [17] [18] . This work shows that extremely similar physical setups in which the appropriate symmetries are restored will yield the realization of a peculiar strongly correlated phase with remarkable observable features.
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